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It was recently shown that an entangled coherent state, which is a superposition of two different
coherent states, can surpass the performance of noon state in estimating an unknown phase-shift.
This may hint at further enhancement in phase estimation by incorporating more component states
in the superposition of resource state. We here introduce a four-headed cat state (4HCS), a super-
position of four different coherent states, and propose its application to quantum phase estimation.
We demonstrate the enhanced performance in phase estimation by employing an entangled state via
the 4HCS, which can surpass that of the two-headed cat state (2HCS), particularly in the regime
of small average photon numbers. Moreover, we show that an entangled state modified from the
4HCS can further enhance the phase estimation, even in the regime of large average photon number
under a photon-loss channel. Our investigation further extends to incorporate an increasingly large
number of component states in the resource superposition state and clearly show its merit in phase
estimation.
I. INTRODUCTION
In quantum mechanics, the superposition principle
provides a crucial basis to observe phenomena beyond
the predictions of classical physics. One example is a
quantum entangled state that can exhibit stronger cor-
relation than classically possible. Among many different
superposition states, the superposition of coherent states
(SCSs) with the same amplitude but two different phases
has been a subject of great interest for decades. Its con-
stituent states can be macroscopically distinguishable in
the limit of large amplitude, and the SCS may become
an important tool to study a lot of fundamental issues,
e.g. the decoherence of macroscopic superposition state.
Numerous efforts have been devoted to identifying feasi-
ble schemes to generate SCSs, together with experimen-
tal achievements in, e.g., a trapped 9Be+ ion system [1]
and a Bose-Einstein condensate (BEC) with Rb atoms
[2]. For the latter case, the dynamics of quantum deco-
herence was also observed in a high Q microwave cav-
ity [3] and theoretical proposals were made to generate
a macroscopic superposition of phase states in BEC [4]
and in Bose Josephson junction [5].
An entangled coherent state (ECS) is an entangled ver-
sion of SCS, of which a typical form can be expressed by
|ECS〉 = N (|α〉| − α〉 ± | − α〉|α〉), with N a normaliza-
tion factor. ECSs can readily be produced by feeding
single-mode SCSs into a beam splitter, or by employ-
ing nonlinear Kerr medium [6–9] and atomic ensemble
in a cavity [10]. There are also probabilistic heralding
schemes using photon subtraction or homodyne detec-
tions [11, 12]. ECSs have a wide scope of applications
ranging from fundamental tests of quantum mechanics
[13–16] to practical quantum computation [17–23], com-
munication [24–26], and metrology [27, 28].
There have also been some studies to extend the quan-
tum superposition to involve more than two component
coherent states. The SCS with three different phases
was considered to produce superposition of three photons
[29]. Furthermore, the SCS with four different phases
was proposed in a microwave cavity quantum electrody-
namics (CQED) of bang-bang quantum Zeno dynamics
(QZD) control [30], using initial even coherent states.
Recently the SCS with up to four different phases was
implemented in a CQED architecture, using off-resonant
interactions between a waveguide cavity resonator and a
superconducting transmon qubit [31]. On an application
side, encoding a logical qubit in a SCS with four different
phases was proposed to protect the logical qubit against
relaxation [32]. Moreover, SCSs with different ampli-
tudes was proposed to generate mesoscopic field state
superpositions, e.g., (|4〉+ |4i〉+ |3ei5pi/4〉+ |0〉)/2, where
the complex values in the kets represent different ampli-
tudes of coherent states [33].
Recently, Joo et al. found that an ECS with two com-
ponent coherent states can provide a better sensitivity in
estimating an unknown phase shift in the Mach-Zehnder
interferometer than the so-called noon state [28]. In or-
der to achieve further enhancement in phase sensitivity,
it seems worthwhile to extend approach to superimposing
more component states in the resource state. In this pa-
per we study the SCS with four different phases, which
is referred to as a four-headed cat state (4HCS). The
4HCS manifests more interference in its phase space dis-
tribution than an even coherent state, and it is thus in-
teresting to investigate its nonclassical properties in de-
tail, partcularly using the nonclassical measures includ-
ing sub-Poissonian statistics, negativity in phase space,
and degree of entanglement potential. Specifically, we
show that entangled resources employing 4HCSs can en-
hance resolution in phase estimation in the regime of
small average photon number. Furthermore we propose
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2a modified entangled state that can provide the enhance-
ment of the phase estimation even in the regime of large
average photon number under a photon-loss channel.
Our investigation further extends to include an increas-
ingly large number of component states in the superpo-
sition of resurce state and demonstrate its advantage in
phase estimation.
This paper is structured as follows. In Sec. II, we
introduce the SCS with four different phases. In Sec.
III, we propose to use an entangled state produced by
injecting the 4HCS into a beam splitter for phase esti-
mation in Mach-Zehnder interferometer and demonstrate
its advantage over the entangled state by the 2HCS. Fur-
thermore, we introduce a modified entangled state and
multi-component superposition states to observe the en-
hancement of phase sensitivity. We summarize our main
results in Sec. IV.
II. FOUR-HEADED CAT STATE
The SCS comprising N coherent states of the same
amplitude α but evenly-distributed phases 2pi nN (n =
0, 1, . . . , N − 1) can be represented by
|CN (α)〉 ≡ 1√MN (α)
N−1∑
n=0
|αei2pi nN 〉
=
Ne−
|α|2
2√MN (α)
∞∑
n=0
αN ·n√
(N · n)! |N · n〉, (1)
where MN (α) is the normalization constant. The com-
ponent state |N · n〉 in the second line of Eq. (1) is a
Fock state of number Nn. For each N = 2, 3, . . ., the
SCS is an eigenstate of the Nth-order annihilation op-
erator, i.e., aˆN |CN (α)〉 = αN |CN (α)〉. For N = 2, the
SCS is an even coherent state (|α〉 + | − α〉), which is
also called two-headed cat state (2HCS). Here we are in-
terested in a superposition of coherent states with four
different phases (N = 4) referred to as four-headed cat
state (4HCS). This corresponds to
|C4(α)〉 = 1√M4
(|α〉+ |αeipi2 〉+ |αeipi〉+ |αei 3pi2 〉)
=
4e−
|α|2
2√M4
∞∑
n=0
α4·n√
(4 · n)! |4 · n〉, (2)
with M4 = 4[1 + e−2|α|2 + 2e−|α|2 cos(|α|2)]. Due to
more pronounced interference structure in its phase-space
distribution, the 4HCS may show stronger nonclassical
effects than the 2HCS. In optimal phase estimation, thus,
the entangled state that is generated by using 4HCS may
be more useful than the entangled state by a 2HCS [34].
III. OPTIMAL PHASE ESTIMATION
We study an optical phase measurement and investi-
gate its sensitivity to beat the shot-noise limit [35, 36] by
using a 4HCS. The sensitivity in a phase measurement
can be obtained by considering a Mach-Zehnder interfer-
ometer, which is designed to estimate the phase difference
φ between two optical paths. We here show that the mea-
surement sensitivity is enhanced by employing the 4HCS
as an input to the interferometer.
The problem of phase estimation may be addressed in
terms of phase uncertainty δφc ≥ 1/
√
FQ for a single-
shot measurement [37], where FQ is the quantum Fisher
information. It was recently shown that the optimal
phase estimation employing a 2HCS performs better than
that employing a noon state under the same energy con-
straint [28, 38], where a phase shift operation was applied
to one of the optical paths. On the other hand, it has
also been discovered that the Fisher information may give
unequal results depending on whether the phase shift is
made on only one mode or on two modes, even though
the phase differences in those two configurations are the
same [39]. This may leave some controversy, but Jarzyna
and Demkowicz-Dobrzan´ski pointed out that the problem
can be attributed to the lack of external phase reference
[39]. Therefore, instead of considering a pure resource
state ρin, they suggested to use a phase-averaged state
ρm to obtain a reasonable Fisher information, i.e.,
ρm =
∫ 2pi
0
dθ
2pi
V aθ V
b
θ ρinV
a†
θ V
b†
θ , (3)
where V xθ = exp(−iθxˆ†xˆ). In this case, the Fisher infor-
mation only depends on the phase difference regardless
of experimental configurations.
In this section, we calculate the Fisher information us-
ing both a pure resource state and a phase-averaged state,
with phase-shifts made on one-mode and two-modes, re-
spectively, for comparison purpose. We first apply a
phase shift operation to one of the optical paths (eiφbˆ
†bˆ).
We then compare the 4HCS with the 2HCS as a resource
to phase measurement and demonstrate the advantage of
using 4HCS. We also propose a modified entangled state
from the one by 4HCS, which can further enhance the
phase sensitivity.
A. Four-headed cat state
Here we consider the 4HCS and the 2HCS under the
same average photon number as a resource to generate
an entangled state. The entangled state is produced by
injecting the 4HCS (2HCS) and an additional coherent
state into a 50:50 beam splitter. The resulting state
is used as an input to the Mach-Zehnder interferome-
ter to estimate the phase difference φ between two opti-
cal paths, the quality of which can be quantified by the
quantum Fisher information.
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FIG. 1. Optimal phase estimation as a function of the aver-
age photon number for mode a, that is, Nav, using entangled
states produced by injecting the 4HCS and an additional co-
herent state (| β√
2
〉) for β = α (blue dashed), α/2 (red dotted),
α/4 (purple dot-dashed), 0 (green long-dashed), and an en-
tangled coherent state (black solid). The classical limit is
given by a coherent state (red solid).
Injecting the 4HCS |C4(α/
√
2)〉 and a coherent state
|β/√2〉 into a 50:50 beam splitter, we obtain an entangled
state
|ψin〉 = 1√
Me
(|B+〉a|B−〉b + |B−〉a|B+〉b
+|D+〉a|D−〉b + |D−〉a|D+〉b), (4)
where B± = (β ± α)/2, D± = (β ± iα)/2, and Me =
M4(α/
√
2). Then, applying a phase shift operation to
one of the optical paths |ψout〉 = (I ⊗ eiφbˆ†bˆ)|ψin〉, the
quantum Fisher information is given by
FQ,1 = 4(〈ψ′out|ψ
′
out〉 − |〈ψ
′
out|ψout〉|2),
= 4(〈ψin|nˆ2b |ψin〉 − 〈ψin|nˆb|ψin〉2), (5)
where |ψ′out〉 = ∂|ψout〉/∂φ and nˆb = bˆ†bˆ. The lower
bound of phase uncertainty, 1/
√
FQ,1, is then given by
the number variance of one of the two input modes [40].
We obtain
〈ψin|nˆ2b |ψin〉 =
1
Me
[(
|α|4 + |β|4
4
+ |β|2)(1 + e−|α|2)
+|α|2(1 + |β|2)(1− e−|α|2)
+2e−
|α|2
2 {(|β|2 + |β|
4 − |α|4
4
) cos
|α|2
2
−|α|2(1 + |β|2) sin |α|
2
2
}], (6)
〈ψin|nˆb|ψin〉 = 1
Me
[|α|2(1− e−|α|2 − 2e− |α|
2
2 sin
|α|2
2
)
+|β|2(1 + e−|α|2 + 2e− |α|
2
2 cos
|α|2
2
)].
The average photon number for the input mode a is given
by Nav = 〈ψin|nˆa|ψin〉 = 〈ψin|nˆb|ψin〉, where nˆa = aˆ†aˆ.
The total photon number of two modes is twice as large
as Nav for a symmetric state, like the ones considered
throughout this paper. We thus use Nav as the energy
constraint from now on.
For the 2HCS, we consider only the case in which
the additional coherent state is fixed as |α/√2〉. Then,
an entangled state is produced by injecting the 2HCS
|C2(α/
√
2)〉 and a coherent state |α/√2〉 into a 50:50
beam splitter, which yields an entangled coherent state
(|α〉a|0〉b + |0〉a|α〉b) previously studied in [28, 38]. Af-
ter applying a phase shift operation to one of the optical
paths, we obtain the quantum Fisher information [28]
FQ,1 =
2(|α|2 + |α|4)
1 + e−|α|2
− |α|
4
(1 + e−|α|2)2
. (7)
The average photon number for mode a is given by Nav =
|α|2/2(1 + e−|α|2).
We examine how the coherent state |β/√2〉 injected as
the other input into the beam-splitter can be adjusted to
the optimal phase estimation by the 4HCS, in order to
beat the optimal phase estimation by the 2HCS. In Fig.
1, we plot the phase sensitivity as a function of the input
energy Nav, for the cases of the 4HCS and the 2HCS.
Note that the classical limit of the optimal phase esti-
mation is obtained by an input coherent state |ψin〉 =
|α/√2〉a|α/
√
2〉b, as shown in Fig. 1. In the regime of
β ≤ α/2, we see that the 4HCS gives the enhancement
of the optimal phase estimation over the 2HCS within
the small average photon number Nav ≤ 0.7. It is ex-
plained that, in the regime of Nav ≤ 0.7, the variance of
mode b in Eq. (4) is larger than that in the entangled co-
herent state (|α〉a|0〉b + |0〉a|α〉b) under the same average
photon number. The enhancement regime of the aver-
age photon number is rather small. Instead of injecting
the 4HCS into a 50:50 beam splitter, thus, we can con-
sider its modified version, i.e., the superposition of two
different coherent states in one mode or another. Note
that, in the case of the 2HCS, one coherent state is in
one mode or another. We next investigate this input en-
tangled state to enhance the phase sensitivity in a larger
regime of Nav.
B. Modified entangled state
We propose a modified entangled state to enhance the
optimal phase estimation in the regime of Nav > 1. Sim-
ilar to a noon state, the modified entangled state may be
proposed as
|ψin〉 = (|α〉a + | − α〉a)|0〉b + |0〉a(|α〉b + | − α〉b)
2(1 + e−|α|2)
,(8)
where the superposition of two different coherent states
is in one mode or another. After applying the phase shift
operation to the input state |ψout〉 = (I⊗eiφbˆ†bˆ)|ψin〉, we
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FIG. 2. Phase sensitivity as a function of the average pho-
ton number Nav using the noon state (green dot-dashed), the
entangled coherent state (|α〉a|0〉b + |0〉a|α〉b) (black solid),
the modified entangled state (Eq. (8)) (red dotted), and the
extended entangled state (|CN (α)〉a|0〉b + |0〉a|CN (α)〉b) for
N = 4 (blue dashed), 8 (purple long-dashed), and 16 (black
dotted). (a) Pure states, (b) Phase-averaged states of the
pure states.
evaluate its quantum Fisher information with the quan-
tities
〈ψin|nˆ2b |ψin〉 =
|α|2[1 + |α|2 + (|α|2 − 1)e−2|α|2 ]
2(1 + e−|α|2)2
,
〈ψin|nˆb|ψin〉 = |α|
2(1− e−2|α|2)
2(1 + e−|α|2)2
. (9)
In Fig. 2 (a), we plot the optimal phase estimation as a
function of Nav for the modified entangled state in Eq.
(8). For comparison, the equivalent amplitude and Nav
of the noon state are given by choosing n = |α|2 and
Nav = n/2, respectively [28]. We find that the modified
entangled state provides the enhancement of the optimal
phase estimation over the entangled coherent state, even
in the regime of Nav > 1. Furthermore, extending the
superposition to N different coherent states in Eq. (8),
i.e., |CN (α)〉a|0〉b+ |0〉a|CN (α)〉b, the optimal phase esti-
mation is further enhanced with the number N , as shown
in Fig. 2 (a). For the superposition of N different coher-
ent states, the detail calculations are given in Appendix.
At N = 1 , the extended entangled state is equivalent to
the entangled coherent state. At N = 2, it is the same
as Eq. (8). It is explained that, under the same aver-
age photon number, the variance of |CN (α)〉 increases
with the number N . Quantitatively, the ratio FQ,1/Nav
is described with 4(1 + Q|CN (α)〉), where Q|CN (α)〉 is the
Mandel Q-factor of |CN (α)〉. Thus, the Mandel Q-factor
increases with the number N even if it is not always true
for the whole regime of |α|. It is expected that the phase
sensitivity is improved even more with higher N .
1. Generation scheme
In Fig. 3, the modified entangled state of Eq. (8) can
be produced by injecting two two-headed cat states into
a 50:50 beam splitter,
(| α√
2
〉a + |−α√
2
〉a)(| α√
2
〉b + |−α√
2
〉b)
50:50BS−−−−−→ (|α〉a + | − α〉a)|0〉b + |0〉a(|α〉b + | − α〉b).
Then, applying a series of conditional phase shift (CPS)
operations on each output mode, we obtain the extend
entangled state, |CN (α)〉a|0〉b + |0〉a|CN (α)〉b. The CPS
operation was implemented in a superconducting trans-
mon qubit coupled to a waveguide cavity resonator [31].
The CPS operation is implemented by Cˆ ≡ I⊗|H〉〈H|+
eiϕaˆ
†aˆ ⊗ |V 〉〈V |. Applying the CPS operation on target
and ancillary qubits, we represent the output qubits as
Cˆ|α〉 ⊗ (|H〉+ |V 〉) = |α〉|H〉+ |αeiϕ〉|V 〉
|+〉−−→ |α〉+ |αeiϕ〉, (10)
where |±〉 = (|H〉 ± |V 〉)/√2. Detecting the ancillary
qubits as |+〉 on each output mode, we obtain an ex-
tended entangled state. Repeating the process with dif-
ferent phase component (ϕ), we produce the extended en-
tangled state (|CN (α)〉a|0〉b+ |0〉a|CN (α)〉b) at N = 2k+1
(k: iteration time), as shown in Fig. 3. The phase com-
ponent (ϕ) changes into ϕk = 2pi/2
k+1 with k iterations.
C. Phase-averaged state
If we apply a phase shift operation on the two opti-
cal paths |ψout〉 = (e−iφ2 aˆ†aˆ ⊗ eiφ2 bˆ†bˆ)|ψin〉, the quantum
Fisher information is given by
FQ,2 = 〈ψin|(nˆb − nˆa)2|ψin〉 − 〈ψin|(nˆb − nˆa)|ψin〉2.
(11)
The optimal phase uncertainty 1/
√
FQ,2 is now given by
the variance of number difference between the two input
modes. In general, the quantum Fisher information for
a pure input state may depend on the configuration of
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FIG. 3. Generation scheme of the modified and extended
entangled states. k is the iteration time for the conditional
phase shift (CPS) operation.
phase operations, thus giving FQ,2 6= FQ,1, even though
the phase difference is the same [39]. This inconsistency
can be resolved if one considers a phase averaged state as
an input, i.e., Eq. (3). Furthermore, the phase-averaged
state makes a practical sense when one has no access to
external phase reference. After applying a phase shift op-
eration to the phase averaged state, we obtain the quan-
tum Fisher information. For a mixed state, the quantum
Fisher information can be obtained by the diagonaliza-
tion of the mixed state [41–43] as
Fq = 4
∑
i
λifi −
∑
i6=j
8λiλj
λi + λj
|〈λ′i|λj〉|2, (12)
where λi and |λi〉 are the eigenvalues and eigenvectors
of the mixed state ρab =
∑
i λi|λi〉〈λi|, fi = (〈λ
′
i|λ
′
i〉 −
|〈λ′i|λi〉|2), and |λ
′
i〉 = ∂|λi〉/∂φ.
We obtain a phase averaged state of the modified en-
tangled state as
ρm =
e−|α|
2
(1 + e−|α|2)2
∞∑
n=0
|α|2n
n!
[1 + (−1)n]|noon〉ab〈noon|,
(13)
where |noon〉ab = (|n〉a|0〉b + |0〉a|n〉b)/
√
2. On applying
a phase shift operation, we obtain the quantum Fisher
information
Fq =
|α|2
(1 + e−|α|2)2
[1 + |α|2 + (|α|2 − 1)e−2|α|2 ]. (14)
On the other hand, the entangled coherent state after
phase-averaging is given by
ρm =
e−|α|
2
1 + e−|α|2
∞∑
n=0
|α|2n
n!
|noon〉ab〈noon|, (15)
whose quantum Fisher information becomes
Fq =
|α|2(1 + |α|2)
1 + e−|α|2
. (16)
For a noon state, there is no relative phase between the
two modes so that the quantum Fisher information is
unchanged under phase-averaging, Fq = n
2. We note
that all the above phase-averaged states incidentally give
Fq = FQ,2, the same as FQ,2 in Eq. (11), which is ob-
tained using a pure input state without phase averaging
on applying phase shifts on two modes. (Cf. Ref.[39])
In Fig. 2 (b), we plot the optimal phase estimation
as a function of Nav, for the phase averaged states in
Eqs. (13) and (15). We see that the enhancement of
the optimal phase estimation is similar to the behavior
shown in Fig. 2 (a). The modified entangled state can
provide the enhancement of the optimal phase estimation
over the entangled coherent state, in the regime of Nav >
1. Extending the superposition to N different coherent
states, the optimal phase estimation is further enhanced
with the number of superposition of coherent states (N),
as shown in Fig. 2 (b), and it will be improved even
more with higher N . The corresponding quantum Fisher
information is given in Appendix.
D. Optical loss
As a final consideration, we show that the phase av-
eraged state of the modified entangled state is useful to
enhance the phase estimation even in the presence of op-
tical loss. For simplicity, we assume that each mode ex-
periences the same degree of vacuum noise, which can be
modeled by a beam splitter acting on each mode with
the same transmission coefficient [28].
We perform a phase shift operation on one of opti-
cal paths in the phase averaged state of the modified
entangled state, ρabout = (I ⊗ eiφbˆ
†bˆ)ρm(I ⊗ e−iφbˆ†bˆ). Sub-
sequently applying a beam splitting operation on each
mode, ρ ≡ BˆacBˆbdρabout ⊗ |00〉cd〈00|Bˆ†acBˆ†bd, and tracing
over the additional modes of the state (ρab = Trcd[ρ]),
we obtain the output state in terms of its eigenvalues
and eigenvectors as
ρab =
∞∑
n=0
(λ+n |λ+n 〉〈λ+n |+ λ−n |λ−n 〉〈λ−n |), (17)
where
λ±n =
e−|α|
2
2(1 + e−|α|2)2
(|α|2T )n
n!
[K ± 1± (−1)n],
K = eR|α|
2
+ (−1)ne−R|α|2 ,
|λ±n 〉 =
1√
2
(|n〉a|0〉b ± einφ|0〉a|n〉b), (18)
with R = 1− T (T : transmission rate of the beam split-
ter).
For the phase averaged state of the entangled coherent
state, under the same procedures, the eigenvalues and
eigenvectors of the output state are given by
λ±n =
(|α|2T )n
n!
eR|α|
2 ± 1
2(1 + e|α|2)
,
|λ±n 〉 =
1√
2
(|n〉a|0〉b ± einφ|0〉a|n〉b). (19)
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FIG. 4. Phase sensitivity under a loss channel as a function
of the average photon number Nav using the phase averaged
states for the noon state (green dot-dashed), the entangled
coherent state (|α〉a|0〉b+ |0〉a|α〉b) (black solid), the modified
entangled state (Eq. (8)) (red dotted), and the extended en-
tangled state (|CN (α)〉a|0〉b + |0〉a|CN (α)〉b) for N = 4 (blue
dashed), 8 (purple long-dashed). (a) T=0.9, (b) T=0.85 (T :
transmission rate of the beam splitters).
For a noon state, the quantum Fisher information is de-
rived as Fq = T
nn2.
In Fig. 4, we plot the phase sensitivity under a
loss channel as a function of Nav, for the phase aver-
aged states employing the modified (extended) entangled
state, the entangled coherent state, and the noon state.
Under the same transmission rate of the beam splitters T ,
we find that our modified (extended) entangled state can
enhance the phase estimation in the small loss regime,
i.e., with a large transmission T . When the loss is fur-
ther increased (T = 0.85), the phase averaged noon state
exhibits a bit better performance of the phase estimation
in a large Nav. It may be attributed to the fact that the
noon state is unchanged under phase averaging, which
can affect robustness against optical loss. This issue may
deserve further investigations in future.
IV. CONCLUSION
We have introduced a 4HCS, which is a superposi-
tion of four different coherent states. We have proposed
employing the entangled state produced by the 4HCS
for the purpose of phase measurement, and shown that
the 4HCS provides enhancement in phase sensitivity over
the 2HCS in the regime of small average photon number
Nav ≤ 0.7. To get a better performance in the regime
of Nav > 1, we have also proposed a modified entangled
state, (|α〉a+|−α〉a)|0〉b+|0〉a(|α〉b+|−α〉b), which yields
an improved performance over the entangled coherent
state (|α〉a|0〉b + |0〉a|α〉b) generated by the 2HCS. Ex-
tending the superposition to N different coherent states
(|CN (α)〉), the optimal phase estimation has been fur-
ther enhanced with the increasing number of component
coherent states (N), which may be attributed to the
fact that the number variance of one of the two input
modes increases with the number of the different coher-
ent states (N) under the same average photon number.
The enhancement of the optimal phase estimation has
been presented even in a large average photon number.
Furthermore, we have shown that the optimal phase es-
timation employing the phase averaged state of the mod-
ified (extended) entangled state can perform better than
that employing one of the entangled coherent state, even
in the presence of loss. For all the states considered in
this paper, which belong to the class of path-symmetric
state [44], the phase-estimation limit identified for each
state can be achieved on a specific phase via a parity
measurement scheme [44].
To identify a best possible resource for phase esti-
mation under practical situations, we may further ex-
tend the current study to other classes of superposition
states. For instance, a future work can possibly consider
other types of entangled states, e.g., an arbitrary photon-
number entangled state in a finite dimension [45], a broad
class of non-Gaussian entangled states known to be useful
for quantum information processing.
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APPENDIX
The extended entangled state is represented by
|ψin〉 = |CN (α)〉a|0〉b + |0〉a|CN (α)〉b√
M
, (20)
7where M = 2[1 + {∑∞n=0 |α|2N·n(N ·n)! }−1] and |CN (α)〉 is the
same as Eq. (1). After applying the phase shift operation
to the input state |ψout〉 = (I ⊗ eiφbˆ†bˆ)|ψin〉, we evaluate
its quantum Fisher information with the quantities
〈ψin|nˆ2b |ψin〉 =
1
2(1 +K)
∞∑
n=0
|α|2N ·n(N · n)2
(N · n)! ,
〈ψin|nˆb|ψin〉 = 1
2(1 +K)
∞∑
n=0
|α|2N ·n(N · n)
(N · n)! , (21)
where K =
∑∞
n=0
|α|2N·n
(N ·n)! .
We obtain a phase averaged state of the extended en-
tangled state as
ρm =
1
N2(1 +K)
∞∑
n=0
|α|2n
n!
[N + 2
N−1∑
q=1
(N − q) cos(2pin
N
q)]
×|noon〉ab〈noon|, (22)
where |noon〉ab = (|n〉a|0〉b + |0〉a|n〉b)/
√
2 and K =∑∞
n=0
|α|2N·n
(N ·n)! . On applying a phase shift operation, we
obtain the quantum Fisher information
Fq =
1
1 +K
∞∑
n=0
|α|2N ·n
(N · n)! (N · n)
2. (23)
In the presence of loss, we obtain the output state of
Eq. (22) in terms of its eigenvalues and eigenvectors as
ρab =
∞∑
m=0
(λ+m|λ+m〉〈λ+m|+ λ−m|λ−m〉〈λ−m|), (24)
where
λ+m =
Tm
N2(1 +K)
[Cm(N) +
1
2
∞∑
n=m+1
n!Cn(N)R
n−m
(n−m)!m! ],
λ−m =
Tm
2N2(1 +K)
∞∑
n=m+1
n!Cn(N)R
n−m
(n−m)!m! ,
Cn(N) =
|α|2n
n!
[N + 2
N−1∑
k=1
(N − k) cos(2pin
N
k)],
|λ±m〉 =
1√
2
(|m〉a|0〉b ± eimφ|0〉a|m〉b), (25)
with R = 1− T (T : transmission rate of the beam split-
ter).
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